Abstract. We present a general method to unfold energy bands of supercell calculations to primitive Brillouin zone using group theoretical techniques, where an isomorphic factor group is introduced to connect the primitive translation group with the supercell translation group via a direct product. Originating from the translation group symmetry, our method gives an uniform description of unfolding approaches based on various basis sets, and therefore, should be easy to implement in both tightbinding model and existing ab initio code packages using different basis sets. This makes the method applicable to a variety of problems involving the use of supercells, such as defects, disorder, and interfacial reconstructions. As a realistic example, we calculate electronic properties of an monolayer FeSe on SrTiO 3 in checkerboard and collinear antiferromagnetic spin configurations, illustrating the potential of our method.
Introduction
The electronic energy band structure (EBS) is a basic concept in textbooks of condensed matter physics [1] and can be used to investigate various physical properties of crystal materials. Furthermore, the EBS can be directly compared with the results of angle resolved photoemission spectroscopy (ARPES) measurement, which give the spectral function within the quasiparticle picture. Because crystal materials have translational symmetry, we can introduce wave vector k based on Bloch's theorem and get the energy E( k) as a function of wave vector k (i.e., the EBS). With the development of computational techniques and the progress in condensed matter theory, one can easily calculate the EBS of perfect crystal materials using either empirical tight binding (TB) model [2] or first-principles methods within the framework of density functional theory (DFT). [3, 4] However, when the translational symmetry of the physical systems is destroyed by defects (such as substitutional doping, impurity, vacancy, dislocation, etc.), [5, 6, 7, 8] disorder, [9, 10, 11] interfacial reconstructoin [12, 13, 14] and even different spin configurations, [15] one cannot define k as well as EBS in the first Brillouin zone (FBZ) of the primitive lattice. It is common practice to use the supercell approximation with periodic boundary conditions in the computational exploration of those aperiodic systems. As the supercell becomes larger, the corresponding FBZ shrinks and the calculated EBS becomes gradually dense energy levels. Consequently, it is hard to extract useful information from such heavily folded EBS and compare it with ARPES results. In recent years, much effort has been devoted to resolve this issue. Boykin el. al. developed basic ideas of unfolding under tight binding approximation. [16, 17, 18] Ku et al. [19] developed an effective algorithm to unfold EBS of supercell to the FBZ of the primitive lattice via localized Wannier functions. Popescu et al. [20] also presented a method to extract an effective band structure from supercell calculations on random alloys. Allen et al. [21] provided a convenient notation and useful theoretical formulas of band unfolding which were applied in electron, phonon and slab systems.
Generally the supercell approximation introduces an artificial translational symmetry of the supercell lattice. Since the translational symmetry operations of primitive and supercell lattices form two Abian groups, we can deal with the unfolding process from the aspect of group theory. In this work, by investigating the relationship between the above two translational groups, we propose an approach to unfold EBS of supercell calculation to primitive Brillouin zone. This approach describes unfolding procedure using different basis sets uniformly, and thus is easy to implement in all TB models and ab initio code packages where different basis sets such as plane waves, atomic orbtials or Wannier functions are employed. We then demonstrate the validity of this method in a TB calculation of 30×30 graphene supercell. As a more realistic example, we further investigate the effect of magnetic order of monolayer FeSe on SrTiO 3 substrate, and find that checkerboard antiferromagnetic (AFM) instead of collinear AFM order might be the ground state spin configuration which yields the EBS similar to recent experimental observations. [22, 23, 24] 2. Methodology 2.1. Translation group G p , G s and G f
The periodic materials, like crystals, have translational symmetry. The translation operation T r leaves the lattice invariant. All the translation operations for primitive lattice form an infinite Abelian group, named as G p . Besides the primitive lattice, supercell lattice is also frequently used in electronic structure calculations, which is suitable to simulate complicated systems such as defects and alloys. The translation operations T R , which leave the supercell lattice invariant, form another group, G s . The translation vectors for group G p and G s can be written as
where n i and N i are integers, and D stands for the dimension of the system. The supercell basis vectors A i and primitive basis vectors a j are related by an integer matrix N, specifically,
Actually, all the elements of group G s are also elements of group G p , and thus, G s is a subgroup of G p . Because both G s and G p are Abelian groups, there should exist a group isomorphic to the factor group (i.e., G p /G s ∼ = G f ), which is denoted by G f for simplicity. G p is the direct product of G s and G f ,
The translation vector of group G f has the same form of r:
Different from infinite G p and G s , G f is a finite group with the translation operations obeying
where E is the unit element of G f .
Group representation and energy bands unfolding
For Abelian groups, each group element is a class by itself, and then the dimension of irreducible unitary matrix representation is 1 × 1 (just a complex number with norm 1). Thus, the irreducible representations for G p , G s and G f can be written as
where k is in the FBZ of primitive lattice (ω), and K is in the FBZ of supercell lattice (Ω). From Eq. (5), the vector K can be written as
, where B i are reciprocal lattice vectors of the supercell lattice. Herein N i is an integer and should be chosen to ensure that K is in the primitive cell FBZ ω. The total number of choices for {N 1 , · · · , N D } is equal to the volume ratio |ω|/|Ω|, which is also the order of group G f . We denote the set of all the possible K by Λ.
According to Bloch's theorem, the basis function of the irreducible representation of G p can be written as
where u k ( x) is a periodic function in the primitive lattice (i.e., T r u k ( x) = u k ( x)). As a result of the fact that G s is an subgroup of G p , the function ψ k ( x) is also the basis function of group G s ,
Herein the function u
, and it is also the basis function of group G f with wave vector K.
In supercell electronic structure calculations, we get a series of functions u ′ K ( x) and eigenenergies for each K. As discussed above, there is a hidden parameter K in u
Once we get the parameter K, the Bloch function and the corresponding energy for vector k = K + K in ω are known. In other words, the energy bands are unfolded. Since any primitive wavevector k in primitive FBZ belongs to a unique K in the supercell FBZ, an easy search in supercell reciprocal lattices can yield the proper K, so that k − K is in the supercell FBZ. More detailed analysis about wavevectors can be found in Refs. [25, 26] In the following, we will present a method to identify the wave vector K for u ′ K ( x). We choose a set of normalized orthogonal periodic functions v i ( x) (i =1, 2, 3 ...), which are complete in the primitive cell (for the nonorthogonal case, it is straightforward to perform the standard orthonormalization procedure priorly). The basis function of group G f can be written as |i,
. Then we construct a group of projection operators P ( K ′ ) as
The expectation value of
From this expectation value, we can identify the vector K, then further unfold the energy bands. The unfolded energy bands should be identical to the energy bands calculated by using the primitive cell for a perfect lattice. However, when the translational symmetry is broken (due to impurity, structure reconstruction, magnetic reconfiguration, etc.), the above unfolding procedure produces new energy bands, which are similar to (but need not be identical to) energy bands calculated by using the primitive cell. The expectation value of
is between 0 and 1 instead of 0 or 1, representing the weight of u
Thus, the energy bands become fuzzy and may break into separate parts. In this case, the unfolded energy bands contain information of the defects or reconstruction and can be directly compared with ARPES or other measurements. Since the main difference of computing real and complex bands lies in the choice of basis, our method can be used for complex bands too, if some modifications are included. [27, 28] In practice, the function v i ( x) can be taken as plane waves, atomic orbitals, Wannier functions or any other basis sets in quantum chemistry. Thus our method should be easy to implement in both TB models [16, 17, 18] and existing ab initio code packages employing different basis sets. [29, 30, 31, 32] Note that when we choose e i K ′ · x v i ( x) to be the eigenvectors of the primitive cell calculations, they are complete and can be represented by a plane-wave expansion, then we can get similar weight expression to Ref. [20] (see Appendix). In fact, the basis sets in our method should be complete periodic functions but are not required to be eigenstates. It turns out that the method is even simpler when the local basis sets are used. For example, when Wannier functions of the primitive cell are used as the v i ( x), the method turns out similar to Ku et al.'s approach. [19] Other localized basis sets can also be adapted, which result in a modified formula of weight factor. [33] Hence, our method provides a more general strategy to unfold EBSs by constructing a group of universal projector operators which are not restricted to specific basis sets.
Numerical implementation and applications
In this section we discuss the application of the above-described method. First, we illustrate the validity of the approach in 30 × 30 graphene supercell calculations within the TB approximation. We then apply the method to investigate the magnetic order of monolayer FeSe on TiO 2 -terminated SrTiO 3 (001) surface, which shows signatures of high temperature superconductivity with T c > 50 K, [34] within the framework of DFT.
Unfolding bands of perfect graphene in the TB calculations
Graphene is a one atom thick two dimensional allotrope of carbon with unique Dirac cone in its EBS, which can provide a simple but nontrivial test for our unfolding method. We consider the 30 × 30 supercell for graphene in the TB calculation. Herein, only one p z orbital for each carbon atom is used, and the TB parameters are taken as transfer integral t = −3.03 eV and overlap integral s = 0.129. [35] Fig. 1(b) shows the EBS from the 30 × 30 supercell calculation. With the supercell EBS and corresponding wavefunctions, we unfold the energy bands to the FBZ of the primitive, and the results are shown in Fig. 1(a) by red circles. Evidently, without symmetry breaking, the EBS unfolding of the supercell calculations indeed reproduces exactly the same EBS as that from the primitive cell calculation, indicating the validity of our unfolding approach.
Unfolding bands of monolayer FeSe on SrTiO 3 substrate for ab initio calculations
Now we turn to a realistic but more complicated system. Recently, high-temperature superconductivity (T c ∼65 K) in monolayer FeSe grown on SrTiO 3 substrate (FeSe/STO) (a) (b) and thus different FBZs. This makes it difficult to compare the calculated EBSs and Fermi surfaces in different FBZs with those from ARPES measurements which are in the FBZ of the primitive cell. [39] Herein, by combining ab initio calculation with our group-theory-based unfolding method, we studied FeSe/STO in the checkerboard (Néel) and collinear (striped) AFM spin configurations.
The calculations were carried out within the framework of DFT as implemented in the QUANTUM ESPRESSO code package. [30] A kinetic energy cutoff of 120 Ry was used for the plane-wave basis to achieve a balance between calculation efficiency and accuracy, and we adopted the generalized gradient approximation with Perdew-BurkeErnzerhof exchange correlation functional. [40] The norm-conseving pseudopotentials [41] were employed to describe the electron-ion interactions. The convergence thresholds of energy and force were set to 5.0 × 10 −5 Ry and 5.0 × 10 −4 Ry/Bohr for structure optimization. We constructed a six-layer SrTiO 3 (001) slab with monolayer FeSe on the TiO 2 termination, where the four bottom atomic layers are fixed at their bulk positions. To model checkerboard and collinear AFM configurations, we used 1 × 1 and √ 2 × √ 2 supercell with a vacuum layer of about 10Å. 9 × 9 × 1 and 6 × 6 × 1 Monkhorst-Pack kpoint meshes [42] for Brillouin-Zone sampling were used for 1×1 and √ 2× √ 2 supercells respectively.
The optimized structure of √ 2 × √ 2 FeSe/STO is shown in Fig. 2(a) . The lower Se (Fe) atoms are on the top of Ti (O) atoms with a average vertical distance of 3.26Å (4.56 A). The checkerboard and collinear AFM spin configurations of Fe atoms are presented in Figs. 2(b) and (c), respectively. The calculated magnetizations of checkerboard and collinear AFM states are, respectively, 2.77 and 3.02 µ B per Fe atom, consistent with previous theoretical results. [37, 38] The calculated spin-up EBSs are shown in Fig. 3 . Note that spin-down EBS is similar to spin-up one, and thus is not shown for simplicity. As shown Fig. 3(a) , FeSe/STO in the checkerboard AFM state has a Fermi surface pocket near the zone corners (i.e., M and M ′ points), but without any indication of pockets around the zone center (i.e., Γ point), which is consistent with recent experimental observations [22] . Then, based on the spin-up EBS of the collinear AFM state with √ 2 × √ 2 supercell [see Fig. 3(d) ], we get the unfolded EBS [see Fig. 3(c) ] in the primitive FBS, where the shade and radius of dots represent the weight of each eigenvalues. Comparing the EBS of the checkerboard AFM state with the unfolded EBS of the collinear AFM state, we can see that hole-like bands appear in both zone corner and center in Fig. 3(c) . Moreover, the unfolded bands cross the Fermi level along ΓM ′ , indicating extra Fermi surface pockets located around Γ towards M ′ . Our analysis suggests that the checkerboard instead of collinear AFM state can yield the EBS compatible with recent experimental measurements. [22, 23, 24] This reveals that the ground state spin configuration of monolayer FeSe on TiO 2 terminated SrTiO 3 (001) surface may have checkerboard AFM order, which would be helpful to understand the superconductivity mechanism in lowdimensional Fe-based superconductors.
Conclusion
To summarize, we present a method to unfold the EBS from supercell calculations to the FBZ of the primitive lattice. Directly derived from the translation group symmetry, this method gives an uniform description of unfolding approaches based on various basis sets (such as plane waves, atomic orbitals and Wannier functions), which makes it easy to implement in both tight-binding model and existing ab initio code packages using different basis sets. Based on this method, we can easily compare unfolded EBSs of different supercell calculations and connect the theoretical results with ARPES measurements. As an example, we apply this method to investigate magnetic order in monolayer FeSe on SrTiO 3 (001) surface, finding that the checkerboard AFM state rather than the collinear AFM state has the EBS compatible with recent ARPES data. Our method can be further employed in study of defects, disorder, interfacial reconstructions and other systems that require the use of supercells. To prove the equivalence and generality of our method, we derive the unfolding formula on the plane wave basis and compare our results with previous work. The periodic part of supercell Bloch function can be expressed as: 
We use (A.1) and (A.2) to get
(A.5) (A.5) is exactly the same as the (15) of Ref. [20] , implying that our method can derive the equivalent results to previous work explicitly if plane wave functions are adapted as basis. What is more, our method does not need any information about the primitive eigenfunctions, which simplifies the derivation procedure.
